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Abstract. We consider the Cauchy problem for the Chern-Simons-Dirac system on K^+^ with initial 
data in H". Almost optimal local well-posedness is obtained. Moreover, we show that the solution is 
global in time, provided that initial data for the spinor component has finite charge, or norm. 

1. Introduction 

The Chern-Simons action was first studied from a geometric point of view in [6]. Subsequently, it 
was proposed as an alternative gauge field theory to the standard Maxwell theory of electrodynamics on 
Minkowski space M^+-^ [8 . As well as being of interest theoretically, it has also been successfully applied 
to explain phenomena in the physics of planar condensed matter, such as the fractional quantum Hall 
effect [13] . Recently, much progress has been made on the Cauchy problem for the Chern-Simons action 
coupled with various other field theories such as Chern-Simons- Higgs, [31 [10], and Chern-Simons-Dirac 

m- 

In the current article we consider the Cauchy problem for the Chern-Simons-Dirac (CSD) system in 
M^+^. This system was first studied by Huh in [11] as a simplified version of the more standard CSD 
system on M^+-^. The CSD system on R^+^ is given by 

dtAi - 9,v4o - i^^a^ (CSD) 
dtA^ - d^Ai = 

with initial data "0(0) = /, A{0) = a, where the spinor -i/) is a valued function of {t, x) ~ {xq, xi) E 
and the gauge components and Ai of the gauge A = {Aq, Ai) are real valued. The covariant derivative 
is given by = — lA^ and we raise and lower indices with respect to the metric g = diag(l, — 1). 
Repeated indices are summed over ji = 0, 1, and we use tf)'^ to denote the conjugate transpose of ijj. We 
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take the standard representation of the Gamma matrices 




and let a = 7". 

The system (|CSD|) is interesting from a mathematical point of view for a number of reasons. Firstly 
solutions to (ICSD|) satisfy conservation of charge, i.e. we have ||-0(t)||^2 = ||/||l2 for any t e M. This is 
similar to the Dirac-Klein-Gordon (DKG) equation where conservation of charge also holds. We remark 
that conservation of charge forms a crucial component in the study of global existence for DKG [ITj [19] . 
On the other hand, conservation of charge fails for other quadratic Dirac equations which have been 
studied in the literature [3J [TSl [H] . Secondly, there is substantial null structure in the nonlinear terms 
in (jCSPp . in the sense that (|CSD|) is roughly equivalent to a system of nonlinear wave equations of the 
form 

= (5(^',«') 

where Q{^,^) is a combination of the nuU forms = d^^^dj^i, - dj'^^_,di^^ and Qo = g'^'^d^^d„^. 
Moreover the structure of the equation means that in the mass free case m — 0, the spinor ■0 can be 
explicitly solved in terms of the initial data tJjq and the gauge A. This idea was used in 11 to derive a 
number of interesting observations on the asymptotic behaviour of solutions to (jCSDI) as i — t- 00. 

Currently the best known results for the Cauchy problem for ([CSPP are due to Huh in [11] where it was 
shown that the (jCSD|) system is locally well-posed for initial data in the charge class {ipo, clq) G x L^, 
and globally well-posed for (V'OjOo) G x H^. To prove the local in time result. Huh rewrote (jCSPp as 
a system of nonlinear wave equations and showed that the nonlinear terms contained null structure. The 
null form estimates of Klainerman and Machedon 12 then completed the proof. 

In the current article we use a different approach. Instead of rewriting (jCSPp as a wave equation, 
we factor the Dirac and Gauge components into null-coordinates x ±t and use Sobolev spaces adapted 
to these coordinates. In one space dimension, Sobolev spaces based on null coordinates seem to behave 
better than the closely related X^^ type spaces of Bourgain-Klainerman-Machedon which have been used 
in many other low-regularity results on Dirac equations in one dimension, see for instance the results in 
[SJ [13] . Our main result is the following. 

Theorem 1. Let ^<r^s^r + l and (/, a) G H'^ x . Then there exists T > and a solution 
{ip,A) G C([— T, T],_ff* X H^'^ to iCSD\) . Moreover solution depends continuously on the initial data, is 
unique in some subspace of C(J~T,T], H'^ x -ff''), and any additional regularity persists in tim^. 

Remark 1. If we set m = 0, then solutions to (jCSDp are invariant under the scaling {u,A) 1— >■ j{u, A)(^j, j^. 
Hence the scale invariant space is Since we do not expect any well-posedness below the 

scaling regularity, the range of well-posedness in Theorem [1] is essentially optimal, except possibly at the 
endpoint r = Moreover, it should be possible to show that (|CSDp is ill-posed in some sense outside 
of the range given in Theorem [1] by using the techniques in |14) , but we do not consider the problem of 
ill-posedness here. 

^ More precisely, if {ipQ,ao) € x with s' ^ s, r' ^ r, and r' ^ s' r' + 1, then we can conclude that 

(ip,A) G C{[-T,T],H''' X H^'), where T only depends on the size of + llallH--- 
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Figure 1. The domain of local/global well-posedness from Theorem [T] and CoroharylSJ 
We have local existence inside the lines s = r and s = r + 1 for r > 
holds inside the shaded region. 



i. Global existence 



The local existence portion of Theorem [T] will follow by the standard iteration argument, using esti- 
mates contained in [l^ . The proof of uniqueness is more difficult and does not follow directly from the 
existence proof, primarily because the spaces used to prove existence do not scale nicely on the domain 
[—T,T] X R. Instead we will need to prove a more precise version of an energy inequality from |14] . 
See Proposition [TU] below. Finally the persistence of regularity is quite interesting as it allows both the 
regularity of the spinor, ip, and the gauge, A, to be varied independently, provided that we remain in the 
region of well-posedness. 



We now turn to the question of global well-posedness. In the case s ^ we can exploit the conservation 
of charge together with a decomposition argument from [5] to obtain the following. 

Corollary 2. Assume that s ^ in Theorem QJ Then the local solution can be extended to a global 
solution e C{R,H' x H'') . 

We now give a brief outline of this article. In Section [5] we gather together the estimates we require in 
the proof of Theorem [T] The local existence component of Theorem [1] is proven in Section [S] The proof 
of uniqueness is contained in Section |4l Finally in Section [5] we prove Corollary [2] 

Notation. Throughout this paper C denotes a positive constant which can vary from line to line. The 
notation a < b denotes the inequality a ^ Cb. We let LP(R") denote the usual Lebesgue space. Occa- 
sionally we write L^'(R") — when we can do so without causing confusion. This comment also applies 
to the other function spaces which appear throughout this paper. If X is a metric space and / C R is an 
interval, then C{I, X) denotes the set of continuous functions from / into X. For s G R, we define iJ" to 
be the usual Sobolev space defined using the norm 

ll/l|//=(R) = fh^M) 

where / denotes the Fourier transform of / and (^) = (1 + The space-time Fourier transform of 

a function ip{t, x) is denoted by -(/^(r, ^). We also use the notation J-y{f) to denote the Fourier transform 
of / with respect to the variable y. 
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If X is a Banach space of functions defined on R", then for an open set Q C M" we define the restriction 
space X{il) by restricting elements of X to il. If we equip X{il) with the norm 

\\f\\x{n) = inf \\g\\x 

g=f on O 

then X{n) is also a Banach space. Finally, for a, &, c G M we use the notation c -< {a, b} to denote that 
either 

a + b ^ 0, c ^ min{a, b}, c < a + b — - 

or 

a + b > 0, c < min{a, b}, c ^ a + & — — 
holds. Note that c -< {a, b} implies that the following product inequality for Sobolev spaces holds 

WfgWH-m < ll/llff^cMjllslkHK)- 

2. Estimates 

The main estimates we require in the proof of Theorem [T] have already been proven in '141 . Define 

\\u\\^..^\\{TTOHr±0''kr,0\\^. . 

Note that Z^^ is just the product Sobolev space in the null directions x ±t. The Z^^ space is enough 
to control the nonlinear terms in ()CSD|) . However for s close to the space Z^'' is not contained 
inside C{M, iJ''(K)). Thus to prove the local well-posedness result in Theorem [U we will need to add a 
component to control the L^H'^ norm. To this end, following [T3], we define the space Y^^ by using the 
norm 



\u\\y.,. ^\\{S,Y{r ±S,)'u{t,0\\l^l^- 



It is easy to see that 



and so Z'^ p| Y^''^ C C(M, H'^iM). We remark that spaces of the form Y^^ have been used previously to 
augment the standard X*''' spaces for 6 = ^ in the periodic case in [2], see also [9]. 
The first result we will need is the following energy type inequality. 

Lemma 3 ([13] Lemma 3.2). Let s, 6 G M and S = [—1, 1] x M. Suppose u is a solution to 

dtu ± dxU — F 



on S. Then 

ll"llz-(5) + Mri^^is) ^ \\f\\H^ + (ll^'llz--^ + ll^^'lly^^-) (1) 

where the infimum is over all F' G Z^'^ ^ H Y^' ^ with F' = F on S. 



The previous energy inequality is sufficient to prove existence of solutions to (jCSPp , however to obtain 
uniqueness we will require a slightly more refined version of Lemma |3] which we leave to Section 21 
To close the iteration argument we will need the following nonlinear estimate contained in [14) . 
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Lemma 4 f[14). Lemma 3.4). Let Si, S2,bi,b2, s G K and assume there exists ag,bQ e R such that 

ao-<{si,&2}, bo-<{s2,bi}, s^{ao,6o + l} 



si + 61 > 



S2 + 62 > 



(2) 



The 



have 



We also have the fohowing weh known product estimates for Sobolev spaces. 
Lemma 5. Assume s -< {si, 62} cind b -< {bi, S2}. Then 

FinaUy we will need the following Lemma which will help simplify the arguments leading to uniqueness. 
Lemma 6. Let ^ < s < i and < T < 1. Assume p G and let prit) = p{y) ■ Then 

IIptW/WI^i <p WJWh^ (3) 

with constant independent ofT. Consequently 

\\pT{t)u\\^.^o <p M^s^o (4) 

with constant independent ofT. 

Proof. The inequality ([3]) is well-known. For the convenience of the reader we sketch the proof in the 
appendix. To prove ^ we use a change of variables 



{tY / p?(A)^(T±e-A,C)dA 



and then apply ([3]). 



□ 



3. Local Existence 

We start by noting that if we let u± = -ipi ± ip2 and A± — Aq^ Ai, we can rewrite (jCSPp in the form 

i{dtu+ + dxU+) — mu- — A^u^ 

i{dtu^ — dxU-) — mu+ — A^u^ (5) 
^^±(0) = /± 

and 

dtA+ + dxA+ = -^{u+u^) 

dtA^-dxA^=^{u+u^) (6) 
A±(0) = a± 

where f± = /i ± /2, a± = ^ ai^ and we use 5R(z) to denote the real part of z G C. The formulation 
(O, ([6]) is much easier to work with than (|CSD|) as the null structure is more apparent. Namely all the 
nonlinear terms involve products of the form tp+4>- which behave far better than the product ip+cf)^, see 
for instance the estimates in [18]. The fact that the nonlinear terms in ([5]) and ([6]) are all + - products 
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Figure 2. The time of existence given by the rescaled version of Theorem [7] at regularity 
iJ* X ^ only depends on the size of the initial data at the regularity H'' x iJ^^^ (provided 
s-l>^). 

is a reflection of the null structure present in the (jCSPp system. 

We will deduce Theorem [T] from the following. 

Theorem 7. Let ^<r^s^r + l and assume f E , a G . Choose r* > ^ with s — 1 ^ r* ^ r. 
Then there exists e > such that if \m\ < e and 

then there exists a solution {ip,A) 6 C([-l, 1], iJ" x H'') to IICSD\) with {■)p,A){0) = (/, a). Moreover 
solution depends continuously on the initial data and if we let u± = ipi ± ip2 and A± — Aq ^ Ai then 

u± e z'^\s) n Yl'-\S), A± e z'^\s) n Yl^-\s) 

for any b > ^ with s ^ b ^ r* + 1 and S = [-1, 1] x R. 

Assume for the moment that Theorem [7] holds, we deduce Theorem[T]as follows. Let (/, a) e x 
with ^<r^s^r + l. Theorem [7] together with a scaling argument then gives a solution {ip,A) £ 
C([— T, r],iJ* X H'') that depends continuously on the initial data, where T only depends on some 
negative power of + Hallif* with r* > ^ and s — 1 ^ r* ^ r, see Figured] The uniqueness we 

leave till the next section. Hence to complete the proof of Theorem [1] it only remains to check that any 
additional regularity persists in time. 

Suppose the initial data has additional smoothness (/, a) £ x H'^ with s* > s, r* > r, and 
r* ^ s* < r* + 1. Applying the local existence result we have (ipjA) e C ({-T* ,T*), H^' x H^*) for 
some T* > 0. Persistence of regularity will follow if we can obtain T* ^ T. To this end, we note that it 
is enough to show that if T* < T and 

limsup(||V(t)||ff.* + \\A{t)\\Hr') = oo (7) 

t-i-T* 

then we also have 

limsup (llV(t)llH^ + \\Ait)\\H^) - oo. (8) 

t-i-T* 
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This is done in steps as follows. We first deduce by the rescaled version of Theorem [7] that 

limsupdlVWIlH- +II^WIL„..x{..-i,^+.}) =00 (9) 

for any sufficiently small e > 0. Since if not, then we can choose some sequence of points t„ — > T* 
with sup„ ||V'(in)||//'-' + ||^(in)||^„„x{.>--i.^+t} < 00. Taking t„ sufficiently close to T and applying a 
rescaled version of Theorem [7] with initial data {tjj{tn), A{tn)), we can extend our solution beyond T*, 
contradicting ([7]). Thus provided T* < 00 and ([7]) holds, we must have ©. 
Repeating this argument again with ([T]) replaced with (|9]) we obtain 

limsup(||?/'(t)|| + = 00. 

We now continue in this manner and observe that after k iterations, the 7jniax{s*-fe,^+e} ^^max{r*-fc,-ji+€} 
norm must blowup as we approach T* . Taking k such that s* — fc ^ s and r* — fc ^ r we obtain (|5]) as 
required. 

We now come to the proof of small data local well-posedness for (jCSPp . 

Proof of Theorem Let ^<r^s^r + l and choose b > ^ with s ^ 6 ^ ?■* + 1 . Note that this is 
possible since r* ^ s — 1 and r* > Let r ^ s' ^ s. We claim that Lemma |3] and Lemma [5] imply the 
estimates 

\\uv\\yr^-. < \\uv\\y,^^, < \\u\\^.^.4v\\^.^^., (10) 

and 

||uu||^..b-i «C < (11) 

To obtain the estimate (jlOp . an application of Lemma |4] reduces the problem to showing that there exists 
ao, &o G R such that 

ao-<{s',6}, 60 ^{r*, 6}, s'<{ao,bo + l} 

s' + b>—, r*+b>—. 

Since r* < r ^ s' ^ s ^ 6, we let ao — s' , bo ^ r* . It is clear that s' -< {s', b} and r* -< {r*, &}. Thus the 
only remaining conditions are 

s' + r* + 1^0, s'^r* + l, s' < s' + r* + 1 - i. 

But these also hold provided r* ,s' > ^ and s' ^ r * + 1 , which follows since s' ^ s ^ r* + 1. Consequently 
(Uni) holds. 

The remaining estimate, (jlip. follows from Lemma [5] provided that 

s'^{s',5}, 5-l^{r*,6}. 
Using the assumptions s' ,r* > ^ and b > ^ this reduces to 

s' ^ b, s' < s' + b ~ — 

6-l^r*, 6-l<r*+6-i. 

These inequalities also hold in view of the assumptions ^ < s' ^ b and i < b ^ r* + 1. Therefore ((TU)) 
and (dU both hold. 
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It suffices to consider the system ([SJ and (IH]) with the assumption 

± 

Let S = [-1, 1] X M and define the Banach space E'' = {v ^ | v± G Z'^\S) DYl'" (S)} with norm 

± 

Note that since Yl^°{S) C L^H^iS) we have ||w||l~hj(s) < \\v\\e-- Let T = J2± ll/±l|ff= + Ikillff-- and 
define the closed subset C x E^ by 

X, = {WuWe" + \\A\\e.' s; 2Ce} n + \\A\\Er < 2CT}. 

Define the map 5 : — > X^ by letting S{u, A) — (v, B) be the solution to 

i{dt ± dx)v± ~ mu^ + A^u± 

(5t±a,)B± = ±5R(u+u_) (12) 
t'±(0) = /±, B±(0)=a±. 
Then using Lemma [3] together with ([TU)) and pT|) we obtain 

± 

and 

MW + \\b\\e^^ < E i\\f±\\H^ + II«±IIh-) + Hdkb- + PIb-) + (Me^ + WMEr^Y- 

± 

The assumption (m, A) e A'^ then gives the inequalities 

+ \\B\\Er ^Cr + CeT + C^eT 
\He'- + \\B\\e.' ^Ce + Ce^ + C\^ 

Therefore, provided e is sufficiently small, depending only on the constants in (fTO|) . ([TT|) . and (tlj, we see 
that S is well defined. A similar argument shows that 5 is a contraction mapping, consequently we have 
existence, uniqueness in A'g, and continuous dependence on the initial data. □ 

4. Uniqueness 

In this section we will complete the proof of Theorem[T]and show that the solution obtained in Section 
[3] is unique. More precisely, we will prove the following. 

Proposition 8. Let ^<rs^s<r + l, T>0, and b > \. Define St = [~T,T] x R. Assume 
{u,A) and {v,B) are solutions to ^ and (0) with u±,v± G Z'^\St) and A±,B± e Z^/{St). If 
(u, A)(0) = iv,B){0) then {u,A) ^ {v,B) on St- 

The proof of Proposition [8] is slightly involved as we need to understand the behaviour of the en- 
ergy inequality Lemma [3] on the domain St for small T. For the Y^'^ component this is reasonably 
straightforward. 
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Lemma 9. Let s G M, < T < 1, and < e < 1. Suppose ip is a solution to 



m = /■ 



Let p £ and define prit) = pi'f) ■ The 



< 



T'WFW 



(13) 
(14) 



with constant independent of T . 

Proof. It is easy to see that (IT^ follows from the estimate 



Ft 



PT{t) 



^^F{s)ds] (T,e) 



< II min{T, \t±£,\-^}F\ 



(15) 



Note that by scaling it is sufficient to consider the case T = 1. Consequently min{l, |r±^|^^} « (t±^)^^ 
and so follows from Lemma 3.2 in [14]. The remaining inequality (fT4|) then follows by observing that 
since < T < 1, 

min{r,|r±^ri}<r(r±0^-i. 

□ 

It remains to control component of the energy inequality. This is significantly more difficult as 
both multipliers (r + and (r — f ) involve the time variable. This observation, together with the fact 
that has a different scaling to Z'^'^, is the main difficulty in the following proposition. 

Proposition 10. Let ^ < s ^ and < T < 1. Choose < e < ^ and let ^ < b < min{l + s, 1 — e}. 

Assume p,u ^ with p(t) = 1 for t G [—1, 1], a{t) ~ 1 for t G supp p, and 



Define pxit) = p{-^) o,nd (TT{t) 



supp p C supp a C [—2, 2] 
^^). Let t/j be a solution to 
dt^ ± d,i; = F. 



Then 



(16) 



with the implied constant independent of T . 



Proof. We only prove the + case as the — case is similar. Note that since arit) = 1 on supp px we may 
simply write i/j — axip- Let C and define 



Jr 

We break into different regions and estimate each region separately. We first consider the set 

f^i = {k + eKr-i} 
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and split this into the regions 2|r — ^| ^ |C| and 2|t — CI ^ ICI- In the former region, since s < and 



<r-''||p?(r)|Uj||V||y.. 



On the other hand if 2|t - C| < \i\ then |t| « |C| « |r + ^1 < ^"1. Hence 

/(J^i n {2|t - CI < |e|}) < ||(r + C)''-^(r - J p?(r - A)(C)^V^(A,C)c;a||^^ 

k-||(^)'llL?(|rKT-i)||^||y-^.o 



(k-«l-k+si<r-i) 



rps — b 
ns — b 

-b 



Therefore 



yS.O. 



We now consider the region 0,2 = {\t + ^\ ^ T Note that 



1 



r.{ir-X) + {X + 0)Mr-XmX,OdX 



and so, using the fact that |t + C| ^ S> 1 impHes jr + C| ~ (t + C), we have 



i?,.(f^2) 



+ 



{r + 



b-li 



(17) 



We estimate each of these terms separately. For the first term we follow the Oi case and decompose O2 
into 2|r - CI > ICI and 2|t - CI < ICI- In the former region we use the fact that (r + C)*""^ < T'^~'' to 
deduce that 



+ C)'-'(r-Cr /(M^(T-A)V(A,C)rfA 

7 L2^j(n2n{2|r 

<T-''|| I (d^T{T-Xm^i^{X,Odx\\^^ 

<T-''\\(d^r\\L4iA\Y'.o 



On the other hand for 2|r — CI ^ ICI we have |t + C| ~ |CI and so 



+ 0'-' <T - C)^ I {dtpMr - A)V(A, C)dA 



Lj,(n2n{2|T-{K|C|}) 



7 



t + C)''-'-^(t-C>^ / (atp)T(r -A)(C)XA,C)rfA 



< T^-^IIVlly^.o sup II (r - C)^(atp)T(r - A)||^, . 



LOCAL AND GLOBAL WELL-POSEDNESS FOR CSD 



11 



To control the dtp term we use 



\{t - 0\dtp)T{r - \)\ 



L2 < ||^-0'(5tp)T(r- A)||^,^l^_^l^^_ij + II 

< IIM1lL?(|r|^T-i)||(5;p)^|L=. +r-1|a*PT||L^ 

and so we can estimate the first term in (jl7p . 

Finally, to estimate the remaining term in (|17|) . we write 



S,ndtp)T{T - X)\ 



Ll{\T-i\-^T- 



p^{X-T)F{X,OdX 



p^{X-T)F(X,OdX 



2|r+C|^|A+C| 



In the region 2|r + ^| ^ |A + ^| we have |A + ^| w |r — A| and so, using the fact that \t + £,\ ^ T ^, 



p^iX-T)FiX,OdX 



2|r+4K|A+C| 



/(T|t-A|) 



< 



\\F\\z''r''-^+' 



p?(r-A)|(A + 



b-l + e 



i^(A,0|dA 



where the last line follows from an application of Lemma[6] On the other hand, if 2|r + ^| ^ |A + ^|, we 
can simply use the estimate (r + ^^''-i+<! < (A + followed by another application of Lemma [H 

Therefore we have 



{r + O'-'ir-O' I p^{X-T)F{X,OdX 
and consequently the result follows. 



<T'\\F\\ 



□ 



We remark that the factor Ta^" in front of the term 11-011^^,0 in p6)) is not ideal as for T small, this 
will blow up since b > ^. This cannot be avoided, as a simple scaling argument shows that this is in fact 
the best possible exponent on T. Essentially the problem comes because the spaces and Z^^'' scale 
differently, more precisely the F"'" space scales like Z'^-^ at the endpoint b = ^. However, the term T^^^ 
is not a huge problem, as if we can take b sufficiently close to i , then we can safely absorb this into the 
inhomogeneous term T'^||F||^s,j-i in Lemma[S] 

Corollary 11. Let ^<s<0,0<e<^, and ^ < b < min{l + e,l + s}. Assume < T < 1 and define 
St = [— r, T] X R. Let ^ be the solution to 



with ?/'(0) = /. Then 



IIV'II^^.V. ,<T^-A\f\\H'+T' inf 

" (St) "■^ " F'^FouSt 

Proof. Follows from Lemma [5] and Proposition [TUl 



l^^'ll 



\F'\ 



□ 



We now come to the proof of Proposition [51 
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Proof of Proposition O It is enough to consider the case ^ < r ^ s < 0. Choose e > sufficiently small 
such that 

r>^ + 4e (18) 



and 



l<b<l + e. (19) 



A standard argument using Corollary [TT] reduces the problem to obtaining the estimates 



<||^||^..||(/.|1^.,., (20) 



||V'<^||^^...-i <||^||^..||(/.||^.,., (21) 
llV^lly--- < IIV^lIz;.- (22) 
We start with (|20|) . By Lemma [5] we need 

s^{s,b}, b~ l + 2e ^ {b,r}. 
The first condition is straight forward since s > ^ and b > j. For the second we need 
b + r^O, 6 - 1 + 2e ^ min{6, r}, 6-l + 2e<6 + r-i 



which all hold in view of the assumptions p8|) and (|TI 

To prove (1211) , we observe that by an application of the triangle inequality on the Fourier transform 
side, it suffices to show that 

By letting gq = s and 6o = r — 4e in Lemma SI we can reduce this to showing 

s-<{s,6}, r - 4e ^ {6 - 2e, r - 2e}, s -< {s, r + 1 - 4e} 



s + 6-2e>— r + b-2e>-^. 



(23) 



The first condition is obvious. For the second condition we need 

6-2e + r-2e>0, r - 4e ^ min{6 - 2e, r - 2e}, r-4e<6-2e + r-2e-^ 

which all follow from and ([T^. The third condition in ([25)1 can be written as 

s + r + 1 - 4e ^ 0, s min{s, r + 1 - 4e}, s<s + r + l-4e-i 

and again each of these inequalities follows from (ITSl) . (IT9|) and r ^ s < 0. The remaining conditions in 
([23|) are also easily seen to be satisfied and so (|2T|) follows. 
Finally to prove (f22|) we use Holder's inequality to obtain 

iiviiw^-i = 11(0^ / {T±o''~'mrhi < iko^^iil^ 

<||(ttO^(t±0'^'V^IIlj,, 
^ IIVIIz-- 

□ 
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5. Global Existence 

Here we prove Corollary [2] 

Proof of Corollary [B The persistence of regularity in Theorem [1] shows that it suffices to prove global 
existence in the case s = and ^ < r ^ 0. Let {u±,A±) be the solution to ([5]) and ^ given by 
Theorem [1] with initial data {f±,a±) e x H^. We extend {u±,A±) to some maximal interval of 
existence {—T,T). To show the solution is global in time, it is enough to show that if T < cx) then we 
have the bound 

sup \\A±{t)\\Hr < TO. (24) 
te(-T,T) 

Since supposing ([^ holds, we can extend the solution past {—T,T) by using the conservation of u±, 
together with the local well-posedness of Theorem [TJ Thus contradicting the fact that {—T,T) was the 
maximal time of existence. Consequently we must have T = oo. 

To obtain the bound (|24l) we make use of the following decomposition first used in [5 based on an idea 
due to Delgado [J . We split the Dirac component of our solution u± into a mass free part satisfying 

4(0) = /± 

and a term with vanishing initial data 

i{dtu^ ± dxU^) — muzfi — Az^zU^ 
<(0) =0. 

Observe that u± = + u^. Since A± is real valued, a computation shows that 



and 



Hence 

\ui{t,x)\^\f±ixTt)\ (25) 

and, via the Duhamel formulc^, 

sup {wu'^mL^ + wu^mL^) <T,™ ii/+iil^ + iiaiu- (26) 

\t\<T 



To obtain the bound p^ . we note that the equation for A± easily leads to 

\\A+{t)\\Hr + \\A^{t)\\H^^<\\a+\\Hr + \\a^\\H-+ f Wu+u^U^ds (27) 

Jo 

and so it suffices to bound J^s\.ct terms of the initial data f±. If we now use the 

decomposition u± = + u±. we have 

u+u^ = u+u^ + u+ul ^ u\u^_ + u^u^_ + u+u^. (28) 



■^For more detail see Proposition 7 in [5]. 
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The terms involving are straightforward by (|26p . while for the remaining term Holder's inequality 
followed by a change of variables gives 



\\uX{s)utis)huM)ds <T Wf+ix - s)f_ix + s)h2 ^(K2) < 

|s|<T 



Therefore the required bound ([24)) follows. □ 

Appendix - Proof of ^ 

Here we will sketch the proof of ([3|). This result is essentially well-known, but for the readers conve- 
nience we will give the outline of the proof. 

Proof of estimate We start by noting that the inequality ^ follows immediately from the estimates 



< 



1 Mh^ (29) 



and 

IIptWII i <||p|| 1 (30) 

where |1/|| 1 = EAre2" II/jvIIl^ and 
^2,1 

fN = PnI = X{\^\~N}f 

for > 1 with /i = X{\^\<i} f- We use xn to denote the characteristic function of the set fi. We also 
use the notation /<Ar = X{|{|<jv}/- To prove (j29p we recall the characterisation 



Wilis- 



as well as the Trichotomy formula 

PnUq) ~ f<.N9N + fN9^N + ^ PnUm9m) 



where the sum is over dyadic numbers M G 2^. We estimate each of these terms separately. For the first 
term we observe that 

\\f«NgN\\L^<\\f«N\\LA\9N\\L^<[ ^ Wf m\\l-)\\9n\\l^ 

and so 

, 2 



'.^j \\9n\\12 



E N'^\\f«N9N\\i2< Yl Yl M'^WfMh 

< ( J2 M'^WfMh^y E N'^\\9N\\h^\\f 
A/e2N 

To estimate the term fN9<^N a similar computation gives 



% \\9\\h- 

Me2N ArG2N ^^.i 



2 



E N''\\fN9«N\\h < E E m'^\\9m\\l2) WfNWh- 

Now since s < ^, we have 

( E M'2\\gMh2y<{ E E M'l9M\\h) < N'-'^9\\h^ 
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and therefore 

E N'^\\fN9«N\\h < E « 11/11^ llslllf. < 11/11% 115111^. 

Finally, for the remainmg term '^j^.i^^q PN{fM9M)i we note that 

II E PnUm9m)\\^, < E \\PN{fM9M)\\L- 
M>N M>N 

< E N^-\\hl\\LA\9M\\L- 
M>N 

<iV^( E M-^^\\fM\\l.y\\gW. 

M>N 

Hence, for s > 

E ^^1 E PNUM9M)t. < Mh E N"'^" E M-''\\fM\\h 

Ne2''> M>N ^£2" M>N 

<\\9rH^ E M-''\\fM\\h E 

Me2^ N<M 

< Mh E M\\fM\\h 



Me 2" 



< l|5lll/=ll/ll% 

^2,1 



and so p9p follows. 

The inequality pop follows by using the characterisatiorl^ 



11/11 1 «II/IIl^+ / \\.f{x)~fix-y)\\^,-^ 
together with a change of variables. □ 
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